Accurate estimation of the attitude of unmanned aerial vehicles (UAVs) is crucial for their control and displacement.
of proprioceptive sensors such as gyroscopes, magnetometers and accelerometers. However, IMUs are subject to the inertial guidance error, which arises from the accelerometer measurement error and the gyroscope drift error [1] , [2] .
In our previous papers [1] , [3] , a 4-element cross-shaped antenna array has been used for UAV attitude estimation, which can be used to improve the estimates of IMUs, e.g., via data fusion. In the cross array, two pairs of antennas is located at both ends of the body and wing. This layout is applicable to UAVs which have relatively long body.
However, in cases the UAVs have short bodies [4] (see Figure 1 ), which is typical for most UAVs, attitude estimation based on cross-shaped antennas suffers a degradation in estimation accuracy. x-y plane and the longitudinal (body) axis of the UAV. The roll θ ∈ (−π, π] is given by the rotation angle of the wings about the body axis. In case ϕ = 0, the roll θ is the angle between the x-y plane and the lateral (wing) axis. The azimuth angle, namely, the rotational angle about the z axis, is referred to as yaw. In this paper, the yaw ψ ∈ [0, 2π) is assumed to be known a priori since it is determined in a different way from the pitch and roll [13] . 
C. Data Model
Assume that a source is radiating narrowband signals from the far field of the array, i.e., its wavefronts can be considered to be planar at the receiver. In multipath environment, the received signal is a mixture of a line-of-sight (LOS) path and (K − 1) non-line-of-sight (NLOS) multipath components. Here we assume that a strong LOS is always present. In ESPAR arrays, there is only one output which is connected to the center antenna, namely, S 4 , while each of the remaining six antennas is loaded with an adjustable reactance through a connected varactor diode.
The scalar output is a weighted combination of the outputs of all the elements and the weights can be controlled by appropriate steering of the varactor diodes. To obtain the output of the m-th, m = 1, 2, . . . , M , antenna, we need to apply at least M different sets of reactances where each provides us with a different linear combination of the actual array outputs [6] , [7] . Since we know the weights of these linear combinations, we can recover the signal at the passive elements by inverting the weighting.
The base band output of the corresponding decoupled 7-output array can therefore be written as
where X ∈ C 7×N is the measurement matrix, A ∈ C 7×K denotes the array steering matrix which consists of K array steering vectors a 1 , . . . , a K , S ∈ C K×N contains the N symbols from all K multipaths, with an average signal power of σ 2 i in the i-th multipath, and Z ∈ C 7×N is the noise matrix collecting the additive noise samples which are assumed to be mutually uncorrelated 3 and Gaussian distributed with zero mean and variance of σ 2 z . Our goal in this paper is to estimate the pitch ϕ and the roll θ using the hexagon-shaped ESPAR antenna array.
Our proposed attitude estimation scheme consists of two stages. First in Section III, the inter-element differences in phase delays (IDPhDs) of the LOS path between the antenna pair along the three symmetry axes in the ESPAR array are estimated using 3-D Unitary ESPRIT parameter estimation algorithm. Second, in Section IV, based on the geometrical relationship between the UAV attitude and IDPhDs, a set of nonlinear equations is established and solved to estimate the attitude pitch and roll.
III. 3-D UNITARY ESPRIT FOR PHASE DELAY ESTIMATION
To begin with, let us first investigate the IDPhD associated to a single planar wavefront. The IDPhDs along the three symmetry axes of the hexagon are defined as
where φ i , i = 1, . . . , 4 is the phase delay of the antenna S i .
In this section, we discuss the estimation of µ, ν, and ω of the LOS path via 3-D Unitary ESPRIT [7] . 3 If the noise is correlated (which may be the case for ESPAR arrays due to the decoupling), prewhitening will be applied as a preprocessing step.
A. Shift invariance
Since antennas S i , i = 1, 2, 3, 4 form a parallelogram, we have
We can express the array steering vector a in terms of the spatial frequencies as a (µ, ν, ω) = e −jµ , e jω , e −jν , 1, e jν , e −jω , e jµ T . Note from (5)- (6) and Figure 4 that the array is shift invariant along all three axes we have defined. In each case, m = 4 out of M = 7 elements belong to one subarray, and the center element S 4 is the only one common to all of them. In order to apply ESPRIT methods, we have to define selection matrices that select four out of seven elements belonging to the desired subarrays. Let us consider the µ-direction first. In this case, S 1 is mapped to S 4 , S 2 to S 5 and so on. Therefore, the selection matrices in µ-direction are defined as [7] 
Likewise, applying the shift invariant conditions to the other two directions yielding the following results [7] J 
B. 3-D Unitary ESPRIT
In order to estimate the spatial frequencies along three directions jointly, we use the 3-D Unitary ESPRIT algorithm [7] . The ESPRIT-type algorithms use the signal subspace to estimate the spatial frequencies. Therefore, the first step is to compute the eigenvalue decomposition of the sample covariance matrix (SCM)
where H represents the Hermitian transpose of a matrix. In principle, the K eigenvectors associated to the K eigenvalues with the greatest power are assumed to form the signal subspace U s , and the (M − K) eigenvectors related to the (M − K) eigenvalues with smallest power are assumed to be the noise subspace. Here, we assume that the line-of-sight (LOS) path is always present and it has higher power than all non-line-of-sight (NLOS) paths, which is valid in nominal conditions. That is to say, the NLOS paths are treated as interference. In doing so, we only choose K = 1.
The spatial frequencies are computed as
where u s is the dominant eigenvector of the SCMthat corresponds to the largest eigenvalue.
This solution is the standard ESPRIT algorithm. In order to improve the estimation accuracy and the computational efficiency, we use 3-D Unitary ESPRIT [7] , [14] . By applying FBA on the measurement data, we obtain a centroHermitian matrix which is then mapped to a real-valued matrix by [15] T
where * denotes the complex conjugation, Π p is the p × p exchange matrix with ones on its antidiagonal and zeros elsewhere, and Q p ∈ C p×p is a unitary left-Π-real matrix which satisfies Π p Q * p = Q p . We get the following modified shift invariance equations
where e s ∈ R M ×1 is the dominant eigenvector obtained from the transformed real-valued data matrix in (15) , and the new selection matrices K η,i , η ∈ {µ, ν, ω}, i = 1, 2, are obtained from J η,i by
where Re{·} and Im{·} represents the real and imaginary part of a complex matrix, respectively.
Finally, the spatial frequencies are obtained aŝ
IV. ATTITUDE DETERMINATION ALGORITHM
We assume there is a pair of dummy antennas S 8 and S 9 along the body axes which lie on the extension of the wing antennas, as shown in Figure 5 . These dummy antennas and other antennas form the parallelogram which is centered around S 4 .
The estimated phase delay differences of the LOS path between the wing antennas (S 1 , S 4 ) and body antennas
The main idea of the algorithm is to determine the coordinates for the left wing antenna S 1 and dummy nose antenna S 8 as a function of the unknown pitch and roll, and establish a system of simultaneous nonlinear equations based on the array geometry and estimated phase delaysμ wing andμ body [1] , [3] . . Figure 6 describes how a specified attitude (ϕ, θ, ψ) of a UAV is formed [1] , [3] . Initially, the body of the UAV is identical to the x axis, and the wing coincides with the y axis (Figure 6a ). When evoking a roll movement, the wing antennas S 1 and S 7 rotate about the x axis in the y − z plane, as depicted in Figure 6b . It is followed by successive pitch and yaw movements which correspond to the rotations of all antennas about the y and z axis, respectively, as described in Figures 6c and 6d . Note that as a consequence of the chosen rotation order (roll -pitch -yaw), all the rotations are about the axes.
The coordinates for the dummy nose antenna S 8 are
where a yaw motion ψ is taken into account by the counter-clockwise rotation matrix
Next, we take into account the roll movement. The left wing antenna S 1 lies on a circle in the x − z plane which experiences two subsequent rotations about the x axis and z axis (Figure 6c-d) . The coordinates of the left wing antenna are therefore given by
where R x (ϕ) represents the rotation about the x axis by an angle of pitch ϕ
Finally, the antenna positions relative to the base station p i , i = 1, 8, are obtained by adding the UAV coordinates
Using the phase difference between the body antennasω body calculated in Section III by 3-D Unitary ESPRIT, we set up the following equation
where λμ body /(2π) is the estimated propagation distance difference of the antenna pair (S 1 , S 8 ).
Solving (30) yields (see Appendix A)
Once an estimate for the pitchφ is obtained, we compute the roll θ usingμ wing in a similar way
A pair of supplementary solutions are obtained from solving (32) (see Appendix A)
where
We cannot decide which one of this pair of supplementary angles is correct from the algorithm itself. This is the inherent uncertainty of the proposed algorithm. In order to have a unique solution, we assume that a UAV cannot be flying upside down, which is valid in nominal conditions, implying that θ ∈ [−π/2, π/2]. Thereby, only the first solution, namely, (33) is chosen.
V. SIMULATION RESULTS
We evaluate our proposed algorithm by means of Monte Carlo simulations. The data is generated based on (1), where the signal samples are complex sinusoidal with unit amplitude and frequency of 30 MHz. The UAV is located sufficiently far from the base station (1000 m here) such that the assumption on planar waves approximately holds.
We consider a scenario where the UAV has a wingspan of d wing = 1.2 m and a wing breadth of b wing = 0.39 m.
1000 independent Monte Carlo runs are conducted. In each run, the pitch ϕ and roll θ are uniformly generated in the interval [−π/2, π/2], the yaw is uniformly generated in [0, 2π)) and is assumed to be known. The closed-form solutions of (31) and (33)(34) are used as the pitch and roll estimates. The root mean square error (RMSE) of the estimated pitch and roll defined as
where L is the number of independent Monte Carlo runs, is used as the performance measure. For comparison, the cross-shaped array combined with 2-D ESPRIT proposed in [3] is used as the benchmark.
A. Performance Comparison: Hexagon-Shaped Array versus Cross-Shaped Array [1], [3]
Denote the body-length-to-wing-breadth ratio as r = d body /b wing . We compare the attitude estimation performance of our proposed hexagon-shaped array combined with 3-D Unitary ESPRIT and the cross-shaped array combined with 2-D ESPRIT under various r. Here the body length varies to get different r. 
The noise samples are modeled as complex-valued i.i.d. zero mean white Gaussian processes, whose power is scaled to produce different SNRs.
In Figures 7 and 8 , we respectively plot the RMSEs of pitch and roll estimates, measured in degrees, versus SNR for two attitude estimation schemes. Note that when the UAV has a short body and a broad wing such that r is small An intuitive explanation behind such an observation is an aperture argument. For small r < 2, the cross-shaped antenna is confined to the body length whereas the hexagon-shaped array extends beyond it via the dummy antennas S 8 and S 9 and hence has a larger aperture. On the other hand, for large r > 2, the cross-shaped antenna simply spans a larger area and hence has a larger aperture that is why it yields more accurate estimates. For r = 2, the cross-shaped antenna and the hexagon-shaped array have equal aperture which results in the same performance.
In Figures 10 and 11 , the effect of multipath components is considered in the presence of noise. The LOS-to-NLOS power ratio, commonly known as the signal-to-interference power ratio (SIR), is given by
where we assume that σ 2 1 corresponds to the signal power of the LOS path, and σ 2 i , i = 2, . . . , K is the power of the i-th multipath component. K = 8 paths are considered, namely, 1 LOS and 7 NLOS components. For a fixed SIR, the power ratios of different NLOS paths are generated from the squared Gaussian distribution, namely, the chi-squared distribution with one degree of freedom, while their impinging wavefronts have array steering vectors as in (6) , with the relative phase delay at the reference antenna randomly generated from a uniform distribution in [0, 2π). Again, in pitch estimation the hexagon-shaped array with 3-D Unitary ESPRIT is superior to the crossshaped array with 2-D ESPRIT when r < 2, inferior to the latter when r > 2, and has comparable performance for r = 2. While for roll estimation, the hexagon-shaped array with 3-D Unitary ESPRIT outperforms the cross-shaped array with 2-D ESPRIT in a wider range of body-length-to-wing-breadth ratios up to r = 4. The same phenomenon is observed for other number of multipaths. 
B. Estimation Performance Dependency on true Pitch and Roll and Range of Inaccuracy
In Figure 12 , we plot the RMSE of the attitude estimates as a function of pitch and roll. We see that when the pitch ϕ approaches the boundary of ±π/2, the pitch estimation suffers a sharp performance degradation. And when both ϕ and θ are close to the boundaries, namely, ϕ → ±π/2 and θ → ±π/2, the roll estimation also deteriorates drastically. Therefore, to safely use the proposed algorithm, such an inaccurate region should be avoided.
VI. CONCLUSIONS
In this paper, we have proposed an attitude estimation algorithm for unmanned aerial vehicles (UAVs) based on a hexagon-shaped 7-element electronically steerable parasitic antenna radiator (ESPAR) array. The ESPAR array is well-suited for installment in the UAVs with broad wings but short bodies, which is the typical case for most UAVs. Our proposed solution returns an estimation for the pitch and roll based on the estimates of the phase delays of the line-of-sight path. By exploiting the parallel and centrosymmetric structure of the hexagon-shaped ESPAR array, we apply the 3-dimensional Unitary ESPRIT algorithm for phase delay estimation, which is known for its high estimation accuracy as well as computational efficiency. Then an explicit closed-form formula for the attitude estimates is obtained by solving a system of simultaneous nonlinear equations built based on the geometrical relationship between the UAV attitude and the estimated phase delays.
One limitation of our work is that the attitude estimates depend on the GPS positions which are erroneous.
Especially the height is hard to determine and fluctuates largely in practice. It would therefore be interesting to study the sensitivity of the attitude estimates with respect to the GPS positioning errors. As a future work, we intend to use an antenna array being installed at the base station to estimate the UAV position relative to the base station instead of the GPS. In this way, the additional installation of a GPS receiver in UAVs is not required which can further save their costs and weights. Moreover, another future work is to evaluate the proposed scheme using actual flight data. 
According to (30), it holds that
Substituting (40) 
Solving (43) and taking into account that ϕ ∈ [−π/2, π/2], we obtain the unique solution provided in (31).
Once the pitch estimateφ is obtained, we compute the roll θ by (32) in a similar way. Following (29) and (26), we have 
where β = tan 
From (32), it follows that
Substituting (44) 
Solving (47) yields (33) and (34).
